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Introduction

We are interested in the space H(curl, Q), where € is a domain in RY with N = 2 or N = 3, for which
we assume an extension property similar to that of H' extension domains. The objective is to develop
a trace theory on H(curl, ), which will allow us to generalize existing results on Lipschitz domains
(see [10]), with giving the definitions of various boundary operators such as the tangential trace or the
normal trace. For this purpose, we will introduce a capacity, the definition of which will be adapted to
H(curl,Q?), and prove the existence of quasi continuous representatives as it has already been done to
build the trace operator in HI(Q) in [2]. This will allow us to give meaning to new types of boundary
conditions, as it has been done in [6]. We also give the first steps to generalizing the Hodge theory on
simply connected domains.



Notations

Every function or space of functions written in bold is vector. Definitions of the objects below will be
given later in the article.

-l is the euclidean norm on R¥.

Iz is the norm on the vector space E.

Q is a domain in RY.

Zu is the extension by zero of u, a function defined on 2, outside of 2.

H'(Q) is the classical Sobolev space of elements of L?(Q) which have a gradient in L*(Q2).
Cap is the H' capacity.

B1(09) is the space of all q.e. (for the H capacity)

equivalence classes of pointwise restriction w‘ 20 of quasi continuous
representatives of functions in H' ().
H(curl,Q) is the classical Sobolev space of elements in L?(Q) which have a divergence in L(Q).
H(curl,Q) is the classical Sobolev space of elements in L?(Q) which have a curl in L*(Q2).
Capeyr is the H' capacity.
Beur1(02) s the space of all q.e. (for the H(curl) capacity)
equivalence classes of pointwise restrictions w’
representatives of functions in H(curl, 2).
Tr is the trace operator on H'(Q) to B;(9Q).
Treurl is the trace operator on HI(Q) t0 Beur1(09).

90 of quasi-continuous



1 Definitions

In this whole report, when we say domain, we mean an open simply connected subset of the vector
space we're considering.

Definition 1.1. We define for Q a domain in RN the space H(curl,Q) = {w € L?(Q) | curlw €
L2(Q)}. This is a Hilbert space with the following norm:

[ullFreurto) = iz + | curl(w)]f:q)-
Definition 1.2. We define for Q a domain in RN the space Hy(curl, Q) := D(Q)NIHlH(c“rl’m. This is
a closed subspace of H(curl, ).

Definition 1.3. We define for Q a domain in RN the space H(div, Q) = {w € L2(Q) | divw € L*(Q)}.
This is a Hilbert space with the following norm:

||u||%-l(cur1,ﬂ) = ||‘1H%2(Q) + | diV(u)”iZ(Q)-

Definition 1.4. We define for Q a domain in RN the space Hy(div, Q) := D(Q)NH'HH(&V’Q)

closed subspace of H(div, §2).

. This is a

Definition 1.5 (Property (P1)).
We say that Q satisfies property (P1) if there exists a continuous operator:
E : H(curl, Q) — H(curl, RY).

Such that for all u € H(curl,Q), we have Eu|Q = u. And the boundary 0S) has strictly positive
H(curl) capacity.

This definition is directly inspired by the more classical definition of H' extension domains, which are
well characterized. We also observe that if €2 satisfies (P1), then we also have a continuous extension
operator H(curl, ) — H(curl, ©) for any domain © containing 2, by restricting the extension to R
to ©.

Definition 1.6 (Sobolev admissible domains). As defined in [§], we say that  is a Sobolev admissible
domain if it is a Sobolev H'-extension domain and its boundary dQ has strictly positive H' capacity
(see [8]) for the definition of H' capacity).

Definition 1.7 (Property (P2)).
We say that Q satisfies property (P2) if it satisfies (P1) and is a Sobolev admissible domain as well.

Definition 1.8. We define D(Q) := {u|q | u € D(RY)}.
One of the main interests in working with domains satisfying (P1) is the following result.

Theorem 1.1. Let ) be a domain in RY satisfying property (P1). Then D(Q)Y is dense in H(curl, Q2).

Proof. Let f € H(curl, Q). It is known from [10] that D(R™)¥ is dense in H(curl, RY). Therefore,
there exists a sequence (g,) C D(RY)Y which converges to Ef in H(curl, RY). Now we have:

187~ gullrzny = [ 1S —gullPde s [ lewt(Bg g, s
RN RN

= [ 1f = gulPdet [ owrl(f - g.) P de -+ 1 - gl
= ||f - gn|Q||%—I(curl,Q) + ||Ef - gn”%l(curl,RN\Q)'

Since Ef equals f on Q, we get || f — gn|QH%I(Curl o) < IEFf = gnllfycun pry> and we deduce that
gn|, —— f. Morcover, for all n, g, € D(Q)V. O
n—oo




2 Normal trace on H(div, 2)

Lemma 2.1. Let Q be a Sobolev admissible domain of RY | of boundary T, and u € H'(2). We denote
by Zu the extension by zero of u oustide of Q. If Zu € HY(RY), then u € HE ().

Proof. To do so we will use proposition 2.4 of [2], and we will denote by Cap the H'-capacity that
is defined in this book. Let z € RY \ Q. Then for r small enough we have B(z,r) NQ =0, so Zu is
zero on B(z,7). We deduce that Zu(z) = 0 for all x € RV \ (.

Suppose there exists A C RN\ Q with strictly positive capacity such that Z:u is nonzero on all
of A. We have seen that Zu is zero on R™ \ Q, so we must have A C I'. Since Zu is H!(R")-quasi-
continuous, there exists an open set G of RV such that Cap(G) < %(Aﬁ and Zu is continuous on

RY \ G. Because the capacity is an outer measure, we deduce that there exists * € A such that
x ¢ G. We have z € T, hence z € RN \ Q. So there exists a sequence (z,,) C (RY \ Q) that converges
to . On the other hand, G is open, and x ¢ G, so from some rank ny onwards the terms of (z,)
are in (RV \ Q)N (RN \ G). But we have for all n > ng the equality Zu(z,) = 0 since z,, € RV \ Q,
so Zu(x,) — 0. But this contradicts the sequential characterization of the continuity of Zu on
(RN \ G), since by hypothesis we had x € A hence Zu(zx) # 0.

We thus know that Zu is zero H'(RN)-quasi-everywhere on RN \ Q. From proposition 2.1 of
[2], this implies that (Zu)|q = u € HJ (). O

Theorem 2.1. Let Q be a Sobolev admissible domain of RN . Then D(Q)N is dense in H(div, ).

Proof. Let f € H(div,)". We can apply the Riesz theorem and fix | € H(div,2) such that:

N
Yu € H(diV, Q), <f, u> = Z(li, Ui>L2(Q) + <lN+1, diV(u)>L2(Q)

i=1

with [y41 = div(l). Suppose that f vanishes on D(Q)" and denote by ZI; the extension by zero of
I; to RY. We deduce:

V6 € DERN)Y (2L 0wy = [ (216 + Zly dive) do =0,
R

This last equation is equivalent to saying that in (D(RY)N), we have ZI = V(Zlx11). According
to the du Bois-Reymond lemma, we deduce that ZI = V(Zlyy1) in L2(RY)N. Hence Ziyy; €
H'(RM): according to lemma 2.1, we deduce that Iy,1 € Hg (). We can therefore find a sequence
(¢.) C D(2) that converges to Iy4+1 in H'(Q2). By continuity of the operator V on H}(€2), we know
that the sequence (V(1,)) converges to V(In41) =1 in H' (). Let u € H(div;Q); by definition of
the distribution div(u), we have:

Yu e N, / V(¥y) - udx +/ Yy div(u) dx = 0.
Q Q

We pass to the limit by continuity of the L? inner product in H!(£2), and we obtain (f, W) H (diviQ) =

0. We deduce that f vanishes on the whole space H(div;Q), and thus that D(Q)Y is dense in
H(div, Q). O

Now we may define the normal trace operator as it has already been done in [7].
Definition 2.1. Let Q be a Sobolev admissible domain. Then there exists a normal trace operator:

H(div,Q) — B,(0Q)

Trn u —  Trp(u)



which is linear, continuous and verifies for all v € H'(Q):

(Trp(uw), Tr(v)) B, (Q),B,(Q) = / div(u)v dm—i—/ u - Vodz. (1)
Q Q

‘ Proof. See theorem 3.1 of [7]. O

Theorem 2.2. Let ) be a Sobolev admissible domain in RY. Then it holds: Ker(Tr,) = Ho(div, ).

‘ Proof. See proposition 3.4 of [7]. O

3 Trace theory on H(curl, Q)

This section is based on the similar theory developed for H' in [2]. Nevertheless, the entire section
using existing results on capacities and Dirichlet forms should be carefully reviewed to ensure that
working with vector-valued functions rather than scalar ones does not cause any issues. A priori, this
should not change anything, as it amounts to working with scalar functions in L?(Q x {1,...,n}).

Definition 3.1 (H(curl) - capacity).
Let A C RN, We define the H(curl) - capacity of A as:

Capeur1(4) := inf{|lullgcur,zy) s 1 € H(curl, RY) s.t. 30 ¢ RY open s.t. AC O andu > 1 a.e. on O}.

Where u > 1 means that each component of u is > 1.

Definition 3.2 (H(curl, 2) - relative capacity).
Let Q be a domain satisfying (P1). Let A C Q. We define the H(curl) - relative capacity of A as:

Capcﬁurl(A) = inf{|lullgcur,rzy) s 1 € H(curl, RY) s.t. 30 c RN open s.t.
ACO andu>1 a.e. on ONQ}.

Where u > 1 means that each component of u is > 1.

Proposition 3.1. Let Q satisfy (P1). Then for all A C Q, we have: Cap2, ;(A) < Capeyr (A).

Note that if Q = RY, then these two definitions coincide.

As in [2], we observe that this definition of the relative capacity corresponds to a particular case of
capacity associated with a Dirichlet form (see [4]). Let © be a domain satisfying (P1). We set X = Q,
B(X) the set of Borel subsets of X, and m the measure on B(X) defined by m(E) = A\ (ENQ). Then
we have L?(Q) = L*(X, B(X), m), and we consider the Dirichlet form (£, D) with D = H(curl, Q) and
E(u,v) = [, curl(u) - curl(v) dz.

Property (T) from [4, p. 52] is satisfied since H(curl, Q) contains D(£2)®, which is dense in L?(Q)
by Lemma 1.1 of [10]. Moreover, according to Theorem 1.1 proven in the previous section, property
(D) from [4, p. 54] is also satisfied. The relative capacity is then exactly the capacity associated with
(€,D) in the sense of [4, def. 8.1.1, p. 52]. This allows us to directly deduce the following results:

Lemma 3.1. Let Q be a domain satisfying (P1). Then we have the following properties:
1. The relative capacity on ) is an outer measure.
2. For every Borel set A C Q, we have X\ (A) < Cap2,.,(A).

A set is said to be polar (resp. relatively polar) if it has zero (resp. relative) capacity. A property is
said to hold quasi-everywhere or qg.e. (resp. relatively quasi-everywhere or r.q.e.) if it holds outside a
polar (resp. relatively polar) set.



Proof. These are results on capacities associated with a Dirichlet form, as shown in [4]. O

Definition 3.3 (Quasi-continuity).

We say that v : RN — R is quasi-continuous if:
Ve > 0, 3G an open set in RY, Capeur1(G) < €, and u is continuous on RN \ G.

Definition 3.4 (Relative quasi-continuity).
Let Q) satisfy (P1). We say that u : 2 — R is relatively quasi-continuous if:

Ve >0, 3G an open set in RY, Capcﬁurl(G NQ) < e, and u is continuous on RN \ G.

Proposition 3.2. Let Q satisfy (P1) and f be a quasi-continuous function; then f|§ s relatively
quasi-continuous.

Proof. This follows from Proposition 3.1. O

Proposition 3.3. Let Q satisfy (P1), and f : Q — R be a relatively quasi-continuous function. Let
V C Q be an open set such that f > 0 m-almost everywhere on V. Then f > 0 relatively almost
everywhere on V.

‘ Proof. See [4, prop. 8.1.6, p. 54]. O

We have already justified that the relative capacity satisfies properties (D), (T) from [4]. This leads
to the following very important result.

Theorem 3.1. Let Q satisfy (P1). Then every u € H(curl, Q) admits a representative @ : Q — R3
which is relatively quasi-continuous, unique up to r.q.e. equality.

Proof. First, let E : H(curl, Q) — H(curl, RY) be an extension operator, which exists because
verifies (P1). By [4, prop. 8.2.1, p. 54], we know that there exists a quasi-continuous representative
Fu of Eu. By proposition 3.2, we know that E~u|§ is relatively quasi continous on €; this is a
generic result on Dirichlet forms with domain that is dense in L2.

For the uniqueness, let us consider F; and E5 two extension operators. Then by the definition of
extension operators, we have E1u|§ =u= E;u|§ AN ace. on Q. Because E;u|ﬁ is relatively quasi

continuous on €2, it can be deduced from proposition 3.3 that E1u|§ = E;u|ﬁ r.q.e. on . O

Definition 3.5. Let u € H(curl,RY); we say that an open set G is a 1-regular set of u if for every
v € H(curl, RN) N Co(RY) with support in G, it holds : (0, V)g(cur,zy) = 0.

It is proven in [9, page 79] that the union of two 1-regular sets for some u is still 1-regular. This
enables us to define the 1-spectrum set of u.

Definition 3.6. Let u € H(curl,RY). We define the 1-spectrum of u, o1(u) as the complement of
the largest 1-regular open set of u.

Definition 3.7. Let F C RY; we define the space W1 as the closure in H(curl, RN) of the space of
functions u € H(curl, RY) with o1 (u).

Theorem 3.2. Let Q2 a domain verifying (P1). Then we have the following:

Hy(curl, Q) = {u‘Q s u€ H(ewr,RY) s.t 1 =0 ge sur RV \ Q}.



Proof. We may regard Hy(curl, ) as a closed subspace of H(curl, RY), by extending the functions

outside of € by 0. Then it can proved (see [9, Problem 3.3.4, p. 81]) that Hy(curl, Q) is the

orthogonal complement of W?N\Q in H(curl, RY). Besides, by [9, theorem 3.3.4, p. 80], we know

that :
{u: ueH(cur,RY) s.t 4 =0 qe. sur RV \ Q} = (W?N\Q)L.

As all of these are closed subspaces of H(curl, RY), we finally obtain :

{u|Q : u € H(cur,RY) s.t 1 = 0 q.e. sur RV \ Q} = Hy(curl, Q).

O
Theorem 3.3. Let Q be a domain verifying (P1). Then we have:
Hy(curl,Q) = {u € H(curl,Q) s.t 1 =0 on 9Q}.

Proof. This can be directly deduced from theorem 3.2 and proposition 3.3. O

Lemma 3.2. Let Q be a domain verifying (P1). The following decomposition holds :
H(curl, Q) = Hy(curl, Q) @ Hoy(curl, Q).
And the space Hy(curl, Q)L can be characterized as the set of functions in H(curl, Q) that verify :
curl(curl(u)) +u = 0 dans D'(Q)". (2)

Proof. Since Hy(curl, Q) is a closed subspace, we immediately obtain the orthogonal decomposition.
As for the characterization of Hp(curl, Q)+, let u € Hy(curl, 2)*. In particular, u is orthogonal in
H(curl, Q) to every ¢ € D(Q)V :

<ll, ¢>H(curl,Q) =0

/ u-¢dxr+ / curl(u) - curl(¢)dz =0
Q Q

[, @] + [curl(curl(w)), @] = 0.

Where [-,-] denotes the duality bracket between D'(Q)" and D(2)V. Thus, u indeed satisfies 2.
Conversely, if u satisfies 2, by reversing the previous computation, we obtain that u is orthogonal
to every ¢ € D(Q)V. By continuity of the scalar product, it then follows that u is orthogonal to all
of Hy(curl, ). O

Definition 3.8 (Trace operator on H(curl, Q2)).

Let u € H(curl,Q); according to Theorem 3.1, one can find a quasi-continuous representative @ of u.
We then define the trace of u as:
Treur(u) = @,

The trace is thus defined in a quasi-unique way on 0. We denote by Beur1(02) the image of
H(curl,Q) by Treyrr-

Theorem 3.4. We equip the space Beyur1(0Q) with the following norm:
lel|Beum(ae) = nf{|lu|t(cur,0), v € H(curl,Q), s.t. Treun(u)=e g.e.}.

This norm makes Beur1(0) into a Hilbert space.

Proof. Let e € Beur1(99). According to Lemma 3.2, the following problem is well-posed in
H(curl, Q):

curl(curl(u)) +u =0
Trcurl(u) =e

Let u, be the unique solution. By Lemma 3.2, we have u, € Hy(curl,2)*. Any u € H(curl, Q)




satisfying Treyr1(w) = e can thus be written as u = u. + ug with uy € Ho(curl, Q). Therefore:
inf{”u”H(curLQ)v u € H(curl,Q), s.t. Treuri(u) =eqe.} = inf{”ue"‘uOHH(curl,Q); ug € Hy(curl, Q)}.

Now by the Pythagorean theorem, for any wg € Ho(curl,Q), we have [ue + uo|H(cur,0) >
|te |t (curl,)- Hence the inf is attained at we.

The norm of e can therefore be written as ||e||,,.,(90) = [%ellH(curl,n)- This indeed defines a
norm on By (0€2), and it can easily be checked that it makes Beur1(9€2) a Hilbert space, since
H(curl, Q) endowed with || - [|g(cur1,0) is a Hilbert space. O

4 Tangential trace

Lemma 4.1. Let Q satisfy (P1). A function u € H(curl, Q) belongs to Hy(curl, Q) if and only if:

/Qu -curl(¢),dx — / curl(u) - ¢,dz = 0. (3)

Q

For all ¢ € D(Q)N.

Proof. We first discard the case where Q2 = RY_ since we then have H(curl, RY) = Hy(curl, RY)
(see [10]). We therefore assume from now on that Q C RY.

Direct implication:

We know that equation (3) is always satisfied when u € D(Q)" (definition of the distributional
curl). Now, every element of Hy(curl,(2) is the limit of elements in D(2)V, so we know that (3)
holds for every element of Hy(curl, Q).

Converse implication:

Let u satisfy (3). We define Zu as the extension by 0 of u to R. Equation (3) allows us to justify
that Zu € H(curl,RY). By Theorem 3.1, let Zu be the quasi-continuous representative of Zu. We
have Zu = 0 A®™)-almost everywhere on RY \ €, and thus, by Proposition 3.2, we get Zu =0
quasi-everywhere on RY \ Q since this set is open. We denote by V the set of zero capacity such
that Zu =0 on RV \ V.

Suppose there exists A C Q of strictly positive capacity such that Zu # 0 on A. Since we have
seen that this function is quasi-continuous on RV \ Q, it must be that A C 9Q. By the quasi-
continuity of Zu, one can find an open set G in RY such that Zu is continuous on RN \ G and
Capeur1(G) < Ca“p°+“(‘4). Since capacity is an outer measure, this implies the existence of x € A
such that z ¢ G. We have x € 992, so we can find a sequence (z,,) with terms in RY \ Q converging
to 2. Moreover, we can ensure that each term of (z,,) lies in RV \ V. Indeed, since Capeur1(V) = 0,
by property 2 of Lemma 3.1, we also have A¥)(V) = 0. In particular, V has empty interior.

We thus have a sequence (z,) such that Zu(z,) = 0 for all n and z, — z. Furthermore, since
G is open and z ¢ G, from some point onward, the terms of (z,) all lie outside G. Since Zu is
continuous on RN \ G, we should have Zu(z,) — Zu(z), hence Zu(z) = 0, which contradicts the
fact that x € A.

We thus conclude that Zu = 0 quasi-everywhere on RV \ Q. By Theorem 3.2, we therefore ar-
rive at the conclusion that u € Hy(curl, ), since u = Zu‘ﬂ. O

At this point we can define the tangential trace operator.

Theorem 4.1 (Tangential Trace).

10



Let Q a domain satisfying (P1). There exists a bounded tangential trace operator Trr : H(curl, ) —
tur1(09Q), and the following identity holds for all w € H(curl, Q) and v € H(curl, Q) :

curl

(Trr(u), Treur (v))B;

cur

L(09) Beun (09) = / u - curl(v) dx — / v - curl(u) dx. (4)
Q Q

Proof. Since Treur |H0(cur1 T Hy(curl, Q) — Beyur1(09) is an isomorphism, it admits a bounded
inverse 6 : B.,,,,1(0Q) — Hy(curl, Q)+. The following identity holds :

curl
Vv € H(curl, ), (Treun(v)) = vt. (5)
Where v+ denotes the projection of v onto Hy(curl, Q)+.

Let u € H(curl,Q). We define the element Trr(u) of BL,, (0) by the following duality rela-
tion, for all e € Beyur (092) :

curl(@(e)) - udx — / curl(u) - 6(e) dz.

(Trr(w), €)B;(2).Beun () = / ;

Q

By composition, this clearly defines a continuous linear form on B¢y (0€2). We now verify inden-
tity(4) ; Let v € H(curl, Q). We obtain, from (5) :

<TrT(u), ’I‘r(’v>>Béuﬂ(aﬂ),Bcur1(3Q) = / curl(vl) udr — / curl(u) . 'Ui dz. (6)
Q Q

Now write v = v + v, where vy is the projection of v onto Hy(curl, Q). And according to lemma
4.1, we have [, curl(u) - vo dz — [, curl(vg) - wdz = 0, which allows us to conclude identity (4).

It remains to show that the tangential trace operator defined above is continuous. Let u €
H(curl, Q) and e € B¢y (0) with norm 1. Using Cauchy-Schwarz it leads to :

(Trr(u), Tr(v))B,, ,(00) Beun(oo)| < [l curl(w){|Lzo)[|0(e) (L2 @) + [ curl(8(e))[|L2 (o) [[w]lL2@)-

cur

Since 0 is continuous from Beyur (0Q2) — H(curl, ), there exists constants C; > 0 and Cs > 0 such
that :

16(e)[L2(0) < CrllellBewn (o9
[ curl(8(e))[|L2 () < Calle|Beuno0).

Setting C' = max(C1, Cy) we obtain :

[(Trr(u), Tr(v))B: | (09)Beun(02)| < C ll€]|Boum a0 (| curl(w) Lz ) + lullLz )
=1
< CVIHU’HH(curl,Q)-

Since this holds for all e with norm 1, we deduce || Trr(u)|lg: (a0) < C'|v/|H(cur,0)- This proves
the continuity of Trr . O

Proposition 4.1. Let Q be a domain verifying (P1). Then the kernel of the operator Trr is exactly
Hy(curl, ).

Proof. This is simply another way to state lemma 4.1. O

Definition 4.1. Let Q be a domain verifying (P1). We define the normal part of Beur1(2) the
following way :

B (092) = {e € Bcur1(0%), Vv € H(curl,Q), (Trr(v),e)B;  (09)Bewn(02) = 0} (7)

11



Lemma 4.2. Let Q be a domain verifying (P1). The following decomposition of H(curl, ) holds :
Bcurl(aQ) = BJ_(@Q) ® Br (8(2) (8)
Where Br(0R), the tangential part B1(0), is the orthogonal complementary of B (09).

Proof. Tt is sufficient to prove that B (99) is closed in Beyyr1(0€2). And we know that :

B (00)= () Ker(Trr(v)).

vEH(curl,Q)

We have justified that Trr(v) is continous on Bey,1(092) for all v € H(curl, ), so each kernel is
closed. As an intersection of closed sets, B (92) is hence closed in Beyur (0€2). O

Definition 4.2. Letu € H(curl, Q). We call the projection of Treur1(u) on Br(0Q), noted (Treur1(w))7
the tangential component of Treuri(w). Therefore,

’I‘rcurl (u) = (’I‘rcurl(u))T + (’I‘rcurl (u))J_

Given the formula (4) and the definition of the space B (0f2), we notice that for every w € H(curl, ),
Trr(u) might be seen as an element of B/.(9Q). The purpose of this new perspective is that the
operator Trr is onto from H(curl, Q) to B/-(91), which was not the case before.

Lemma 4.3. Let Q C RY werifying (P1). Then for every uw € H(curl,Q) and v € H(curl, Q) the
following holds :

(Trr(u), (Trcur](’U))T>B’/T(6Q)’BT(8Q) = / u - curl(v) dx — / v - curl(u) dx.
Q Q

Proof. We have Trr(u) € BL,.4(Q) hence Trr(u) € B/(2) because Br(Q) C Bewr (). And by
(4) we know we have :

(Trr(w), Treurt (v))B! (09) Bewn (09) :/u‘curl(v) d:c—/v~curl(u) d.
" "

And we have :

(Trr(w), Treurt (V)8! (99) Beun(92) = (Trr(w), (Treurt(v))7)B; (09) Beun (09)

curl

(Trr(w), (Treur(v)) 1)B! | (09) Bewn (09)

cur.

And by definition of B (012), the second term is zero. It remains :

<TI‘T (u) , Treur (v)>B’

curl

(992) Beun (00) = (Tro(w), (Treur1(v)) )8!

curl

= (Trr(u), (Treur(v))7)B) (09) B (09)-

(092),Beur1(09)

O

Theorem 4.2. Let Q C RY werifying (P1). Then the tangential trace operator Trr : H(curl, Q) —
B’ (09) is surjective. Moreover, the space B7-(9€)) endowed with the norm lells, (o) :== inf{[lv[m(cur0), v €
H(curl, Q), s.t. (Treur(w))r =€ q.e.} is a Hilbert space.

Proof. To proove the fact that B/.(9€2) endowed with the norm [-llB7. (a0 is a Hilbert space, it is
similar to the proof of Theorem 5.2

To prove surjectivity, for u € B7(9€), we need to find u € H (curl, Q) such that

Try(u) = p.

12



To this aim, we consider the following problem:

curl(curl w) +w =0 in Q,
Trr(curl w) = p on Of2.

Using the Stokes formula, the weak solution of this problem is understood in the sense of the
variational formulation on H (curl, ), given by:

Vv € H(curl,Q), (w,v)mcuso) = (Trr(curl w), TrT(’U)>B,/T(aQ)7BT(aQ). (9)

Indeed,

Yu,v € H(curl, ), /(u ~curlv — v - curlu) de = (Trr(u), Trr (v)) By (09), Br (99) -
0

Hence,
(curl w, curl v) — (curlcurl w,v) = (Trr(curl w), Trr(v)) B, (99)-
Or,
curl(curl w) + w = 0.
Finally,

(curl w, curl v) + (w,v) = (Trr(curl w), Trr(v)) By (90) -
According to the Lax-Milgram theorem, (9) admits a unique solution w of:
Vo € H(Curlv Q)a (’U), v)H(curl;Q) = <,LL7 TrT(v»B&w(BQ) .

By taking w = curl w in H(curl,2), we have the surjectivity of Trr from H (curl,§2) onto
B/ (09).
O

5 Tangential component of the trace operator

Theorem 5.1 (Tangential component of the trace operator).

Let Q C RY werifying (P1). There exists a bounded operator called the tangential component of the
trace wr : H(curl, Q) — B’ (0) which is defined as the following for u € H(curl, Q):

(mr(u), (Treur1(v)) 1)B, (99), B, (09) = /chrl(u) -vdx — /chrl(fv) ~udz. (10)

The kernel of wr is Ho(curl, Q).

Proof. We show this is well defined the same way as we did for the previous definition of the
tangential trace operator in theorem 4.1, relying on lemma 4.1, and do the same thing as in the
proof of theorem 4.1 to prove its boundedness. The fact that the kernel of wr is Ho(curl, ) just
comes from lemma 4.1 as well. O

Theorem 5.2. Let Q C RY werifying (P1). Then the tangential component of the trace operator
wr : H(curl,Q) — B’ (09Q) is surjective. Moreover, the space B'| (92) endowed with the norm
lellB, (90) = inf{[lu|la(curn), u € H(curl,Q), s.t. (Treuri(u))L = e g.e.} is a Hilbert space.

Proof. To proove the surjectivity it is similar to the proof of Theorem 4.2 We consider the following
problem:

curl(curl w) +w =0 in Q,

(’I‘rcurl(w))L =e on B (8(2)

13



Let us define the space
H ) = {u € H(cwl, Q) | (Treun(u)) L = € q.e}.
The initial problem can be reformulated using the following variational formulation:
Vo € Hiew,oie), (W, V)H(curl;0) = — <7rT(cur1(w))7TrJ_(v)>B,L(3Q) .

Since v € Hcur,0:¢), Wwe know that Try (v) = (Treuri(w)) 1. Therefore, using identity (12), the
variational formulation becomes:

Vo € H(curl, e),  (w,v)H(cu0) = / curl(w) - curl(w) do — / curl(curl(w)) - w dz.
Q Q

Adding the fact that curl(curl w) + w = 0, we obtain:
Vv € H(curl, Q5e), (w,v — w)g(curi;n) = 0.

In order to apply Stampacchia’s theorem, we need to prove that Hcu,0;e) is convex and closed,
which follows from the linearity and continuity of the trace operator Treyyl-
Hence, by Stampacchia’s theorem, there exists a unique solution

Iw € H(Curl,Q;e) (Q)7 Vv € H(curl,Q;e)) (W7 A W)H(curl,Q) =0.

Moreover, w is the unique minimizer over Hcy,0,¢) of the functional Hv||%l(curl’m.
If we denote |W|lgcws,0) = [lellB, (90), then, since H(curl,Q), endowed with the norm || -
| E1(curl,0), is a Hilbert space, it follows that B (09), endowed with the norm [ - |8, (s0), is also a

Hilbert space. Consequently, so is B’ (99).
O

6 Tangential differential operators

We shall start with a remark, that for every u € H'(Q), it holds that curl(u) € H(curl,(2), because
curl(Vu) = 0. This allows us to define the tangential gradient operator. It is hence very important
here that we are working on By (92), and not Bcy,1(992)

Definition 6.1. Let Q C RY be a domain verifying (P1). We define the tangential gradient operator
VT;

Bi(9Q) — B (99)
Tr(u) +— Vp(Tr(v)) = 7r(Vu).

Proof. First, we will justify that this operator is well defined. That is, we have to prove that
Tr(u) = 0 implies w7 (Vu) = 0; let u € H'(Q) be such that Tr(u) = 0. We already know that this
is equivalent to u € H}(Q2), so we can find a sequence (u,) C D() that converges to u in H(Q).
It is then easy to see that (Vu,) C D(Q)N converges to Vu in H(curl, ), because all the curls are
0. Hence we have proved that Tr(u) = 0 = wp(Vu) = 0 so the operator is well defined. O

Lemma 6.1. Let Q C RY be a domain verifying (P1). Then the tangential gradient operator is
bounded and its image verifies V1 (B1(9Q)) C B’ (09).

Proof. As we have done in the proof of theorem 4.1, we notice that one way to write our tangential
gradient operator is using the right-inverse of the trace on H'(Q2). Indeed, if E : B1(09Q) — H'(Q) is
this operator, it can be easily proved that one way to define V1 is with the following, for f € B1(99Q):
Vr(f) = wr(VE(f)). Then it is clear that V1 is bounded seeing that F is bounded on By (9Q),
u — Vu is bounded from H'(Q) to H(curl, Q) and according to theorem 5.1, 7 is bounded from
H(curl, Q) to B’ (99). 0O
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Now we have a boundary tangential gradient operator, we can also define a tangential divergence
operator by analogy with the classic results.

Definition 6.2. Let Q C RY be a domain verifying (P1). Then we define the tangential divergence
operator divag : B (0Q) — B{(99Q) as the adjoint operator of —Vr.

We now have a bounded tangential divergence operator that verifies the classical relation between
gradient and divergence. That is, for all ¢ € H(Q), for all 1 € B (99):

(=V1(Tr(9)), ¥)B, (09)B. (92) = (divaa(¥), Tr(¢))B; (99).B, (09)-
Definition 6.3. Let Q@ C RN be a domain verifying (P1). We define the tangential curl operator
curlyg:

B1(09) — BL(09)
Tr(u) +— curlpg(Tr(u)) := Trp(Vu).

Proof. To show this is well defined, we proceed exactly as we did to deal with the tangential gradient
operator in definition 6.1. O

Lemma 6.2. Let Q C RY be a domain verifying (P1). The the tangential curl operator is bounded.

‘ Proof. We prove this the same exact way we did to prove lemma 6.1. O

7 Decomposition of vector fields
Here we extend some already existing results about the decomposition of L? vector fields (see [10]),
and that are very commonly used by physicists.

Lemma 7.1. Let Q C RY be a Sobolev admissible domain. Then there exists some C > 0 such that
for every u € HY(Q) such that Joudz =0, we have ||u||120) < O grad ul|y2(q).

Proof. Suppose for contradiction that there exists some sequence (uz) C H'(Q) that verifies for
every k:

- fQukdas:().
- Jo luk|? dz = 1.
- Jo llgrad ug||* dz < .

Hence (uz) is bounded in H' (Q2) so we can extract a subsequence (ug;) of (u) that converges weakly
to some u € H'(Q2). And by proposition 2 of [11], we know that (uy, ) converges strongly to u in L*(2).
Because (uy,) converges strongly in L?(Q), we can deduce that lullr2(q) = 1. Besides, because (uy;,)
converges strongly in L?(Q), we know it also converges weakly; hence, (ur;, Dz — (w4, 2,
which implies (u, 1)12(q) = Joudz = 0. Finally we know that:

llullgr @) < liminf [Jug, [[g (o)

llullg @) < 1.

Because [, || grad uy, [|* dz < 3= ——— 0. And on the other hand ||u/[1 (o) = \/1 + o, |l grad u||? dz;

J j—=4oo
this implies that [, ||gradul|*dz = 0. So u has to be constant; but then it cannot verify both
Joudr =0and [, |ul®dz = 1.

O

Definition 7.1. Let Q C RY be a domain. We define the space H(Q) = {u € Hy(div, ), s.t div(u) =
0}. H(Q) is a closed subspace of L2(Q), hence it holds L*() = H(Q) @ H-(Q). Here H-(Q) is the
orthogonal of H(Q) in the L* sense.
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Proof. Let (f,) € H(Q) be a sequence that converges in L*(Q2) to some f. Let us prove that
f € L%*(Q). Because the divergence operator div : L*(Q) — H™!(Q) is continuous, we directly
obtain that div(f) = 0. Now because (f,,) converges to f in L?(€), it is bounded by some constant
K > 0 in L*(Q). But because for every n it holds that div(f,) = 0, this is equivalent to saying
that (f,) is bounded in H(div, 2). Now because H(div, Q) is a Hilbert space, this implies that there
exists some subsequence (gy,) of (f,) that converges weakly in H(div, Q). By uniqueness of the weak
limit, this limit has to be f. Besides, Hy(div,{2) is a convex strongly closed subset of H(div, ),
hence it is also weakly closed. This implies that f € Hy(div,2). In conclusion we have f € H(Q).
So this space is closed in L*(Q), and hence the decomposition of L*(Q). O

Lemma 7.2. Let Q C RY. Then H(RQ) is a Hilbert space for the norm of H(div, ).

Proof. By definition Hy(div, ) is closed in H(div, §2), and because the divergence operator is con-
tinuous on H(div, 2), its kernel is closed in H(div, 2) as well. Hence H((?) is closed in H(div, ) as
the intersection of two closed subspaces, and it is thus a Hilbert space for the norm of H(div, Q). O

We can also notice that because for every u € H(Q2), we have div(u) = 0, the H(div) norm on H(2)
is exactly the L?().

Theorem 7.1. Let @ C RN be a domain verifying (P2). Then we have H*(Q) = {gradgq, ¢ €
H!(0)}.

Proof. Let us begin by justifying that X = {gradq, ¢ € H'(Q)} is a closed subspace of L(Q). Let
2
(pr) € H'(Q) be such that grad py, %—% v € L?(Q). Because the gradient of a constant is zero, we
—00

can assume that for every k, we have fQ pr dz = 0. Hence the Poincaré-Wirtinger inequality (lemma
7.1, which is verified because  is Sobolev admissible) assures us that there exists some constant
C such that : [|px|lr2(q) < C| grad pil|L2 (o). Because (grad py) converges in L?(Q), this assures us
that (pg) is bounded in H'(2). By the Kakutani theorem, we can then extract some subsequence

2
(gr) that converges weakly in HI(Q) to some q. But we also know that grad p; kL—> v, so we also
— 00

2
have grad g % v. By the uniqueness of the weak limit, we deduce that grad ¢ = v, so X is
e el

indeed a closed subspace of L?(Q).
Now that this is clear, to prove that HL(Q) = X, we can rather prove that X+ = H(Q). First, let
u € H(Q). By formula (1) and definition of H(2), we obtain:

/ u-gradgdzr = 0.
Q
Therefore H(Q) € X*. Conversely, let u € L?(Q)" with
(u,gradq) =0, Vqe H'(Q)
By choosing ¢ in D(2), this implies that divu = 0. Hence u € H(div,2). Therefore we can apply

formula (1) which gives Tr,(u) = 0. In view of Theorem 2.2, this means that u € H. Therefore
X+t cH. O

Definition 7.2. Let Q C RN be a domain. We define L(Q) := {f € L*(Q), s.t. Jo fdz =0}
Lemma 7.3. Let Q C RN be a domain. Then D(Q) NL3(Q) is dense in L2(Q).

Proof. Let f € L3(Q) and (f,) C D(Q) a sequence that converges to f in L?(Q). Then let x € D(Q)
be a function that verifies fQ x dz = 1. We define the sequence g, = fn — (ﬁ fQ frndx)x. Tt is clear

that for every n, we have g, € D(Q) NL3(Q) and we directly obtain that (g,) converges to f in
L2(Q) hence the result. O

16



Theorem 7.2. Let Q C RY be a bounded Sobolev admissible domain. Then the range of the divergence
operator div : Hy(Q) — L%(Q) is ezactly LZ(Q) := {f € L*(Q), s.t. Jo [ dz = 0}.

Proof. Let u € Hj(Q). Then we can deduce by using formula (1) that Jq div(u) dz = 0, hence
div(u) € L3(9).

For the reciprocal inclusion, let f € L3(€). Let (©2,) be an increasing sequence of Lipschitz do-
mains which converges to 2. Then we know by Corollary 2.1 of [10] that the range of the gradient
operator from L?(Q,) to H*(Q,) is closed (because these domains are Lipschitz and bounded).
Knowing this, Theorem 3.1 of [1] assures us that the divergence operator div : Hy(,,) — L3(2,) is
onto. Let us define : )

= flg, + —
1%l Jora.

fdz.
|Q € LQ(Q ). Hence there exists some u,, in Hy(9,) such that
div(uy,) = g, on Q, and Hun||H1(Q ) < Cullgnllizo,)- We have justified in lemma 2.1 that .,

extended by zero to 2 is in Hj(Q). With a slight abuse of notation, we shall denote u,, for both the
elements of Hy(€,) or H (). We thus have for every n the following :

It can be easily verified that g,

{div(un) = gnlg, on Q (11)

lwnllai ) < CullgnllLza,) < CullgnllLz(o)-
We then compute ||gn||12(q), with the intent of proving that this sequence is bounded:

Q 2
|Qn||2(/9\9 f )’ |Qn|</9\9 pan(f

Starting with the first term; we know that ||f1lq, ||iZ(Q) < Iz, so this sequence is bounded.

?42(Q) +

lgnlIE2() = If1q,

Then we deal with the second term. First notice that because the sequence (£2,,) is increasingly
convergent to 2, we know that for every n, we have ‘Ql i < ‘Q E Hence we will not account for the

(o Fr =] i1y
< ([ 1flday

< f11E20)-

IQ i terms as those are bounded.

And because Q is bounded we know that L?(€2) ¢ L*(Q) both algebraically and topologically. And
we already justified that || f||12(q) < +o0 hence || f[|L1(q) < +00 as well. Now we deal with the third
term. We just proved that the quantity ( fQ\Qn f dx) is bounded, so it only remains to prove that

([q, fdz) is bounded as well:

|/andxs/ f] da
/ e, do

ILe, Lzl fllLz@)-
Cauchy-Schwarz

And this last thing is bounded because || f||i2(q) < +00 and |[1g, [|12() — [€2|. Finally we know
n—oo
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that (||gnllL2(q)) is bounded. Besides, in (11), recall that the constant C), can be computed by:

o sup [ div(v)|lr2(@,)-
n ’l!EH(l)(Qn)y HUHHI(Qn):l

Now, relying on lemma 2.1, it can be observed that the only difference between the inf defining C,
and the one defining C), 11 is the set on which it is taken. Because €2, C €Q,41, all the functions
of H5(Q,) are also in H}(Q,41) (when extended by zero). Following up on this observation we
obtain that C;, > Cyp,41. Hence we have for every n: C,, < Cj. Now recall (11): we know that both
(Crn) and (||gnllr2(n)) are bounded hence (u,) is bounded in H;(Q). Now by Kakutani’s theorem
we know that we can extract a subsequence (uy,) of (u,) that converges weakly to some u in
H{(Q). Because div : Hy(Q) — L?() is strongly continuous, we know it is also weakly continuous
so div(uyg, ) — div(u). And besides, for every n, we have:

div(ug,) = gk, Lo,

1g,
= f]le,, + deU

| N\ Q,,
First, observe that by Cauchy Schwarz, it holds:
1 1

| fda| < fda|

1%, | Jorau, 1] Jora,,
f]da

S N
|| O\,

1
< — 1
SN 1 fllLz ) Tavas, [IL2@).
— 0

n— oo

1
So the sequence (‘S;ZT’“"l fQ\Qk fdz) converges simply to 0 on . Because we have the domination

1
“;;ﬁ fQ\an fdz| < ﬁ| Jo fdx|, we can use the dominated convergence theorem to deduce that

it also converges both strongly and weakly in LZ(Q) to 0. Now we shall prove that the sequence
(flg, ) converges weakly to f in L2(Q) to f and the result will be established. So let h € L?(£):

(b)Y — (£, 1) = | /Q (fla, h— fh)da

< [ 171~ 10,,)|ds
Q
< Al 1 - 1o,

L2(Q)
0

n— +oo

Because (£2,,) converges to €2 in the sense of characteristic functions. So (flg, ) converges weakly
to f and we have the result by uniqueness of the weak limit. O

Lemma 7.4. Let Q be a bounded Sobolev admissible domain and w a sub domain of Q0 of strictly
positive Lebesgue measure. There exists a constant C' > 0 such that for every p € L2(Q), we have

IPllL2) < CUlpllLz ) + lgrad plla-1(q))-

Proof. We take €),, an increasing sequence of Sobolev admissible Lipschitz sub-domains that con-
verges to (2, such that we always have w C €Q,,. For every n, because the 2, are Sobolev admissible
we have proved in theorem 7.2 that div : H3(€,) — L3(Q,) is onto, and because the domains
are lipschitz, theorem 3.1 of [1] assures us that there exists some constant C,, such that for every
q € L*(Q,), we have lallrz .,y < Cnlllglliz(w) + Il grad qllg-1(q,)). Moreover, we can deduce from
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these inequalities that:

c 1
= sup .
Y per2@n), Inllag, )i 1Pz + [l grad plla-1(o,)

And we recall that:

lgrad pllu-1(o,) = sup [(grad p, u)|.

ueH(l)(Qn)a Hu”H(ll(Qn)=1
Lemma 2.1 states that Hy(€2,) C Hj(Q,11) in the sense that the elements of Hy(Q,,) extended by
zero outside of Q,, are in Hcl,(QnH). From that remark, we can deduce that for every n, it holds

that for every p € L*(Q):

| grad pllg-1(q,) < llgradpllu-1(q,.,)

1 1
>
|grad pllu-1(a,) + IPlr2w) — Pz + ll grad plla-1(q, )
1 S 1
sup =z
PEL? (), lIPllL2(0,)=1 | gradp”H*l(Qn) + Hp||L2(w) ||p||L2(w) + gradPHHfl(QnH)

1
sup >
PEL2(Qn), lIPllL2(q,,)=1 | gradeHfl(Qn) + ||PHL2(w)

1
sup .
PeL?(20), Iplly2 (0, )i IPIL2 () + [l 8rad plla-1(o, 1)

Finally, because Q,, C Q, we have L*(Q,,) = LQ(Q)’
every n, C,, < Cy. Let p € L*(Q):

o, - We thus obtain that Cni1 < Cy. So for

PllL2 2.y < Culllpllzw) + | grad plla-1(q,))
< Co(llpllz(w) + Il grad plla-1(a,))-

And we have already justified that || grad p||g-1(q,) < || grad p|g-1(q)- So we obtain:

IPllL2 0,y < ColllpllLz(w) + |l grad plla-1(q))-

By the monotonous convergence theorem, we know that [|p|lr2(q,) —— [[PllL2()- So finally we
: n— oo

have the desired inequality:

IPllz) < ColllpllLz(wy + [l grad plla-1(q))-
O

Definition 7.3. Let Q C RN be a domain. We define the space V(Q) = {u € H(Q), div(u) = 0}.
Definition 7.4. Let Q C RY be a domain. We define the space V(Q) = {u € D(Q)3, div(u) = 0}.

Lemma 7.5. Let Q € RN be a Sobolev admissible domain. Then if f € H™*(Q) verifies (f,v) = 0
for all v € V(Q), there exists some p € L?(Q) such that f = grad p.

Proof. We know from theorem 7.2 that the image of div : H(Q) — L*(Q) is closed in L?(). Recall
that —grad : L?(Q) — H™*(Q) is the adjoint operator of div : H(Q) — L*(Q). According to
Corollary 2.5 of [5], we then have the following relation: R(—grad) = V°(€2), where V() is the
polar set of V(Q), that is, V°:= {y ¢ H1(Q) | (y,u) =0 Vu € V(Q)}.

This is precisely what the theorem states. The uniqueness up to a constant follows from the fact
that the kernel of the gradient is the set of constant functions. O

Lemma 7.6. Let 2 be a Sobolev admissible domain. Then ifp € L7, () is such that gradp € H™(Q),
we have p € L2(Q).
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Proof. Let us define X(Q) = {p € L2 .(Q), gradp € H *(Q)}. Let w CC Q with strictly positive
Lebesgue measure. And let us denote by [],, the following defined on X () : [plo = [[pllrz(w) +
| grad p||g-1(q). We introduce €2, as an increasing sequence of Sobolev-admissible Lipschitz sub-
domains converging to 2, such that we always have w C Q,,. We then consider the sequence (p,,)
defined by p, = p’Qn. For every n, we have p, € LQ(Qn), and thus lemma 7.4 applies for some
constant C,,:

||P||L2(Qn) < Cﬂ(||anL2(w) + || gl‘adanH*l(Qn))

And we have seen in the proof of this lemma that all C;, are smaller than Cp, and that || grad p,[[n-1(q,) <
| grad p|g-1(q). Then for all n, we have:

IPllLz(0,) < ColllpllLz(w) + || grad pllg-1(q))-

By the monotone convergence theorem we can then directly conclude that p € L2 (Q). O

Lemma 7.7. Let Q ¢ RN be a Sobolev admissible domain. Then if f € H™*(Q) verifies (f,v) =0
for all v € V(Q), there exists some p € L*(Q) such that f = gradp.

Proof. Let (2,,) be a sequence of sub-domains that are lipschitzian and such that for every m,
Q,, C Q and U Q= Q. Now let u € Hj(2) that verifies u = 0 outside of Q,, and div(u) = 0.

m>1
We now want to apply lemma 7.5 so we will use a family of mollifiers (p.):

pe(z) =0, / pe(z)dz =1, limp. =4 inD' (RY).
RN e—0

By the properties of convolution we obtain that :

div (pe * W) = pe * divu,, = 0.
pe ¥ um € D(Q)Y if € is sufficiently small, and

lim (pe *u,,) =u,, in HY(Q).

e—0
Thus (f,u,,) = lim._,o (f, pc * u,,) = 0, by hypothesis on f. We deduce by lemma 7.5 that there
exists p,, € L? (Q,) such that f = grad p,, in Q,,. Now, since grad p,, = grad p;,+1 in Q,, then
Dm — Pm+1 1S constant in £2,,. But, as p,, is unique up to an additive constant, this constant may

be chosen so that
Pmtl = Pm i Oy VYm > 1.

Hence there exists p € L () such that
f =gradp in Q.

Finally because by hypothesis f € H™'(Q2), we conclude that by lemma 7.6 that p € L*(Q). O

Lemma 7.8. Let Q be a Sobolev admissible domain. Then V() is dense in H(Q).

Proof. Let 1 € H(R) such that for every v € V(Q), (I,v) = 0, with (-,-) the L*(Q2) inner product.
Then the function I satisfies the hypotheses of lemma 7.7, hence there exists some p € LQ(Q) such
that I = gradp. As I € L%*(Q), this implies that p € H*(Q). Hence formula (1) gives for any
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v e H(Q) :
{l,v) = / gradp - vdx
Q

= (Tr,(v), Tr(p)) B, (0),B. () — / div(v)pdz
Q
=0.

I vanishes on the whole space which proves that V() is dense in H(). O

Theorem 7.3. Let Q be a domain of RN that verifies (P2). Then for every u € L*(Q), u € H(Q) iff
there exists some ¢ € Ho(curl, Q) such that curl(¢) = u.

Proof. Let ¢ € Hg(curl,2). Then there exists some (¢,) C D()® that converges to ¢ in
H(curl, Q). Because it holds that div(¢) = 0 and div(¢p,) = 0 for every n, this implies that
(curl(¢,)) converges to curl(¢) in H(div,Q). In conclusion div(curl(¢)) = 0 and curl(¢) €
Hy(div, Q) so curl(¢p) € H(Q?).

Conversely, let uv € H(Q2). By lemma 7.8, we can find a sequence (u,) C V() that converges
to u in H(Q). Let (€,) be a sequence of simply connected Lipschitz boundary domains such that
for all n, Q, C Q41 C Q, supp(u,) C Q, and |JQ2, = Q. Let © be a simply connected Lipschitz
domain such that  C ©. Because for every n, we have supp(u,) C Q,, we know that u,, € H(£,).
By example 4.3 of [3], we know that curl(Hg(curl, Q2,)) = H(Q2,,). Let E,, be the orthogonal com-
plementary of Ker(curl) in H(curl, §),) and Fg be the orthogonal complementary of Ker(curl) in
H(curl, ©). Thus we have curl(E,) = H(Q,), and curl : E,, — L*(Q,,) is one to one. H(Q,,) is a
closed subspace of L*(£2,), so by [5], we know that there exists some constant ¢,, > 0 such that for
all v € E,, || curl(v)|y2(q,) = eullvlH,(cur,0,)- And we have :

Cp = inf curl(v)||y2 .
" weE,, Il Eg (curt, 2n)=1 | () ()

And because every u € E, C Hy(curl,Q,) can be extended by zero to be in Hy(curl, ©) (we
already showed that in the proof of lemma 4.1) , it is easy to see that ¢,, > cg. For every n, we have
u, € H(Q,), so let ¢, be the only function in F,, such that curl(¢,) = u,. Thus we know that :

1 1
|dnl#10 (curl,0,) < a”unHL?(Q) < £||Un||L2(Q)~
And as we already mentioned, because ¢,, is in H(curl, §2,,), extending it by zero will make it a
function in Hy(curl, ). The sequence (¢,,) is bounded in Hy(curl, 2) so by the Kakutani theorem,
it has a subsequence (¢, ) that converges weakly in Hy(curl, Q) to some ¢. We already know that
u, = curl(¢, ) converges to u. Because curl is strongly continuous on Hy(curl, ), it is also weakly
continuous hence curl(¢) = u. O
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